This paper addresses the problems of stability bound analysis and synthesis for singularly perturbed systems with time-varying delay. First, by constructing an appropriate Lyapunov-Krasovskii functional, a sufficient condition is derived for the system to be stable when the singular perturbation parameter is lower than a predefined upper bound which is referred to as the stability bound of the singularly perturbed system. The proposed criterion needs less computational cost than the existing ones. Then, a state feedback controller design method is proposed to achieve a prescribed stability bound, which can be applied to both standard and nonstandard singularly perturbed systems with time-varying delay. Finally, the effectiveness and merits of the proposed approach are shown through numerical examples.
Introduction
Singularly perturbed systems (SPSs) have attracted much attention due to their extensive applications in chemical processes, robots, aerospace engineering, power systems, magnetic-ball suspension systems, and so forth. Consequently, a vast amount of effort has been devoted to deriving stability criteria for SPSs with constant or time-varying delays. Therefore, the relevant theory and application research have attracted much attention [1] . Stability problem for SPSs is known as stability bound problem, which is referred to as the problem of determining the stability bound such that the system is stable for ∀ ∈ (0, ]. Many results for stability bound problem of SPSs have been reported [2, 3] .
Delay is a widespread physical phenomenon in practical systems [4, 5] . In [6] [7] [8] [9] [10] , by a reduction technique, some significant advances have been achieved in analysis and synthesis of SPSs where delays are proportional to perturbed parameter. For a more general case in which time delay and perturbed parameter are independent, there are two main classes of approaches: frequency domain techniques and LyapunovKrasovskii-functional-based approaches. In [11] [12] [13] [14] , frequency domain techniques were applied to establish stability criteria for SPSs with time delay in slow state. LyapunovKrasovskii-functional-based approaches which are usually expressed in terms of linear matrix inequalities (LMIs) are popular in recent years because LMI conditions can be easily verified by using convex optimization algorithms [2, 15] . In [16] , robust stability of uncertain SPSs with state delays has been studied by Lyapunov-Krasovskii stability theory and LMI technique. In [17] , a delay-dependent LMI criterion for the stability of singularly perturbed differential-difference systems has been derived. In [18] , a stability criterion was proposed for uncertain SPSs with time delays. Based on the state space approach, the exact stability bound for discretetime SPSs with multiple time delays was studied in [19] . In [20] , the problem of stabilization for SPSs with multiple time delays was considered. Instead of applying the Lyapunov theory, the well-known comparison theorem and matrix measure are employed to investigate the problem.
It should be emphasized that most of the reported results on SPSs with time delay require the time delay to be time invariant [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Little works deal with the stability problem of SPSs with time-varying delays. In [22] , a stability criterion was proposed for SPSs with time-varying delay by transforming the system into an equivalent descriptor system. But the proposed results cannot produce the stability bound of SPSs. In [23] , an approach to estimate the stability bound of SPSs with time-varying delays was proposed under model transformation. However, this constructive method is not easy to perform. Stability bound problem of SPSs with time-varying delay was considered in [21] and an LMI-based method was proposed, which is easy to be solved by LMI solvers. This paper will follow the line of [21] and will try to improve the existing results.
In this paper, we consider the problems of stability bound analysis and design of SPSs with time-varying delay. One contribution of this paper is that through the use of a LyapunovKrasovskii functional, the obtained results have turned out to be with less computational cost than the existing methods. Another contribution is that the proposed methods do not depend on the system decomposition and thus they can be applied to both standard and nonstandard SPSs with timevarying delay. The presented examples show that the obtained methods are of less computational cost than some existing ones, which results from newly developed LyapunovKrasovskii functionals.
Main Results
Consider the following SPSs with tine-varying delay:
where ( ) ∈ is the system state, and ( ) ∈ is the control input. ( ) is initial condition of the system. ( ) = [
and ∈ × are known constant matrices. ( ) is the time-varying delay and satisfies
where and are known constants. Condition (2) is common in practice and is widely used in the investigations on analysis and design of systems subject to time-varying delays [24] [25] [26] . In this paper, we aim at providing stability bound analysis and design method for system (1) . Some useful lemmas are provided for subsequent technical development of the paper.
Lemma 1 (see [1] ). Given > 0, symmetric matrices 1 , 2 , and 3 , if
hold, then
Lemma 2 (see [1] 
] > 0,
where
2.1. Stability Analysis. Consider the following SPS with timevarying delay: ] > 0,
].
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Proof. Define a quadratic Lyapunov-Krasovskii functional as follows:
where > 0, > 0. By Lemma 2, LMIs (9) imply that
Thus ( ) is a positive definite Lyapunov-Krasovskii functional. By Lemma 1, it follows from (10) that
Taking the derivative of ( ) along the trajectories of the system (8), we havė
It is easy to show that
Since > 0, we have
Therefore,
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From (13), we get ( ) < 0, which yields
Therefore,̇( )| (8) < 0. Hence, system (8) is asymptotically stable for all ∈ (0, ].
Remark 4. By Theorem 3, an estimate of the stability bound can be obtained. However, the results in [16] [17] [18] 22] are only sufficient conditions for the system to be stable for small enough singular perturbation parameter.
By Theorem 3, it is easy to see that the following corollary holds. ] > 0,
Remark 6. In [21] , stability bound problem was considered for SPSs with time delay, and LMI-based results were proposed. A new Lyapunov-Krasovskii functional is used to derive the analysis method. It is known that computational cost of LMI conditions increases in direct proportion to the number of decision variables and lines of the LMI conditions. In this sense, when the results of [21] are specialized to study stability of system (1), they need more computational cost than Theorem 3 and Corollary 5 of the present paper as will be illustrated by an example in the next section. In addition, the proposed Lyapunov-Krasovskii functional is expected to be used to study the problems of robust stability and ∞ control for singularly perturbed systems with time-varying delay.
Remark 7. When = 0, system (8) becomes a singular system [27, 28] . Stability of singular systems with time-varying delay has been considered by many researchers (see, e.g., [4] ). Theorem 3 and Corollary 5 present sufficient conditions for system (8) to be stable when ∈ (0, ], which excludes the case = 0. In the future, we will study the stability problem of system (8) for ∈ [0, ], which is also an interesting problem.
State Feedback Controller Design.
In this subsection, we will design a state feedback controller for system (1) to achieve a given stability bound. A state feedback controller under consideration is in the form of
where ∈ × is the controller gain to be designed. Then the closed-loop system is as follows:
Theorem 8. Given > 0, if there exist matrices > 0,̃and ( = 1, 2, . . . , 5) with = ( = 1, 2, 3, 4), satisfying the following LMIs:
where ( ) = [ Proof. Choose the following Lyapunov functional candidate:
where > 0, > 0.
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Now, considering the derivative of the Lyapunov functional candidate along the solution of SPSs with respect to , we obtaiṅ ( ) (22) 
By Lemma 2, LMIs (23), (24), and (25) imply that
which shows
Then
Consequently,
Therefore, taking the derivative of ( ) along the trajectories of the system (22), we havė
where ( ) = ( ( ) ( − )) ,
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By defining
algebraic manipulation gives
Now comes the validation that ( ) < 0, by the Schur complement, which is equivalent to
Pre-and postmultiplying (38) with diag{ ( ), ( ), } and its transpose, respectively, we obtain
we can obtaiñ
It follows from (26) that̃(0) < 0 and̃( ) < 0. Then, by Lemma 1, we have that inequality (41) holds, that is,̃( ) < 0, which is equivalent to ( ) < 0. Theṅ
This implies that the closed-loop system (22) is asymptotically stable for ∀ ∈ (0, ] with the gain matrix =̃− 1 ( ). This completes the proof. Remark 10. In [20] , the synthesis of SPSs with multiple time delays was considered. The proposed method depends on the separation of the original system into fast and slow subsystems and therefore cannot be applied to nonstandard SPSs. In [23] , an LMI-based controller design method was proposed. But it did not consider the stability bound of the closedloop system. Using Theorem 8, a stabilization bound can be achieved by the proposed state feedback controller. Moreover, it is easy to see that no system separation is required in our results and the conditions obtained in Theorem 8 have turned out to deal with both standard and nonstandard SPSs.
Examples
In this section, we provide two examples to demonstrate the validity and the advantage of the proposed results in this paper.
Example 11. Consider the following system with time-varying delay:̇1
This system can be transformed into system (8) with When the time delay involved in this example satisfies ( ) ≥ 0 and( ) ≤ < 1, by Corollary 5, the stability bounds for different are shown in Table 1 . It can be seen that the results are the same to those given by Theorem 6 in [21] .
From Table 2 , Theorem 3 and Corollary 5 in the present paper need less computational cost than Theorems 3 and 6 of [21] , respectively. Therefore, it can be seen that the newly developed methods can produce the same stability bound with reduced computational cost than the existing method in [21] . This example shows that Theorem 8 can be applied to nonstandard SPSs with time-varying delay.
Conclusion
In this paper, we have investigated the problems of stability bound analysis and design for singularly perturbed systems with time-varying delay. The results extend and improve the existing works. A new form of Lyapunov-Krasovskii functional has been constructed to improve delay-dependent stability analysis and design methods for SPSs with time-varying delay. Using the analysis methods, the stability bound of the 8 Mathematical Problems in Engineering SPSs can be computed. By the design methods, a given stability bound can be achieved. The proposed methods do not depend on the system decomposition and therefore can be applied to both standard and nonstandard SPSs with timevarying delays. The numerically examples have illustrated the advantages and effectiveness of the proposed methods.
